When households decide whether to default or re…nance on their mortgages, their beliefs about future house prices and interest rates matter. This motivates estimating a dynamic discrete choice model. There are two types of default generated by two di¤erent mechanisms: illiquidity-triggered default (being forced to default by illiquidity) and strategic default (strategically choosing to default due to …nancial incentives). However, researchers can only observe default, but cannot identify whether it is illiquidity-triggered or strategic. Moreover, usually researchers can only observe prepayment, but cannot identify whether it is due to re…nancing or moving. In this paper, I extend the conditional choice probability (CCP) method to estimate a dynamic discrete choice model with partially observable outcomes. Exclusion restrictions provide identifying conditions: some variables are only related to the incentive to pay but not the ability to pay; and some variables are only related to the incentive to re…nance but not the decision to move. The model yields separate predictions of the probabilities of illiquidity-triggered default, strategic default, re…nancing, and moving. Counterfactual analysis for foreclosure-mitigating loan modi…cation policies shows that writing down the principal can reduce both illiquidity-triggered default and strategic default. Interest rate reduction can reduce illiquidity-triggered default, but cannot e¤ectively reduce strategic default. Term extension can reduce illiquidity-triggered default, but will increase strategic default, as households will have a longer period with low or even negative home equities. 
Introduction
In the 2007-2009 …nancial crisis, we observe two signi…cant phenomena in the residential mortgage market: 1) high default rates (as shown in Figure 1) ; 2) low interest rates and high prepayment rates (as shown in Figure 2 ). Precisely predicting the probabilities of default and prepayment on mortgages could improve the pricing of the risks of default and prepayment during the following four stages: 1) when mortgages are originated by banks; 2) when the securitization trustees, such as Fannie Mae and Freddie Mac, purchase mortgages from the banks; 3) when the securitization trustees sell mortgage-backed securities to the investors; and 4) when the mortgage-backed securities are traded in the secondary market. Thoroughly understanding what factors could a¤ect households'default and prepayment decisions and how they a¤ect those decisions will help …nancial institutions control the risks and help the policy maker design interventions mitigating foreclosure.
There are two options embedded in a mortgage. The default choice is a put option, and the re…nance choice is a call option. Kau, Keenan, Muller and Epperson (1995) developed a theoretical option-pricing model to evaluate a mortgage. In empirical studies, such as Deng (1997) and Deng, Quigley and Order (2000) , a measure of the …nancial incentive to default can be de…ned as in Equation (1), where Loanbalance i;t is the unpaid balance for the mortgage of household i in period t, and Homeprice i;t is the value of the house of household i in period t. If the house value is below the unpaid mortgage balance, then the house is underwater and the household has a positive …nancial incentive to default. A measure of the …nancial incentive to re…nance can be de…ned as in Equation (2), where r m t is the current market mortgage interest rate at period t, r c i is the coupon rate of the existing mortgage for household i, and payment i is the monthly payment ‡ow in the future. The …rst term can be viewed as the present value of the future mortgage payment ‡ow discounted by the current market interest rate, while the second term is equal to the unpaid balance. If the current market mortgage interest rate is lower than the coupon rate of the household's existing mortgage, then the household has a positive …nancial incentive to re…nance. Most of the previous research on mortgage termination was based on static models. 3 However, in reality, households should make decisions in a dynamic setting where their' expectation about the future can a¤ect their choices in the current period. First, suppose in the current period the house prices are low and the households'houses are underwater.
If the forward-looking households forecast that the house prices will rebound in the future, they may not default because it will incur a large amount of a …xed cost to them, including losing their homes, moving, and ruining their credit history and reputation. If they forecast that the house prices will not rebound in the future, they will be more likely to choose to default because, given that they will have to default anyway, to default earlier to avoid making payments in more periods would be better than to default later. Second, suppose the current interest rate is attractively low and households have a positive …nancial incentive to re…nance. If the households forecast that the interest rate will not drop further, they will re…nance in the current period because the value of re…nancing will shrink in the next period, as fewer times of payments will be left then. If the households forecast that the 3 For example, Deng, Quigley and Order (2000) and Deng (1997) used the proportional hazard model (PHM) to analyze the households'choices of default and prepayment for their mortgages. Kau, Keenan and Li (2011) used a shared-frailty survival model to analyze the mortgage termination risk with a control for unobserved heterogeneity. Calhoun and Deng (2002) applied a multinomial logit model (MLM). An, Clapp and Deng (2010) added "selling the house" into the set of choices for each period, and estimated a nested multinomial logit model (NMLM) with a control for the omitted mobility characteristics. Clapp, Goldberg, Harding and LaCour-Little (2001) compared the results of MNL and Cox PHM for the choices of re…nance, move, default and continuing to pay. Clapp, Deng and An (2006) compared the results of MNL, PHM, the mass-point mixed logit (MML), and the mass-point mixed hazard (MMH). interest rate will drop further, they may wait, rather than re…nance in the current period.
It is true that after re…nancing in the current period, they still can re…nance again in the future if the interest rate drops further; but each time they re…nance, they would need to pay a …xed transaction cost, including an application fee for the new loan, appraisal fee for their houses, searching cost for the new loan, and possible prepayment penalty.
There have been a lot of papers estimating dynamic discrete choice models for consumer purchasing behavior: Gowrisankaran and Rysman (2012) , Shiraldi (2011) , Song and Chintagunta (2003) , Conlon (2012) , and Erdem, Keane, Oncu and Strebel (2005) on durable goods, Hendel and Nevo (2006) and Wang (2013) on storable goods, Lee (2013) on two-sided markets, and so on. However, only a few papers estimate dynamic discrete choice models for household mortgage default and prepayment behavior, including Bajari, Chu, Nekipelov and Park (2013) and Carranza and Navarro (2010) .
Besides the dynamic issue, partial observability of the dependent variables is another important issue. There are two types of default due to two di¤erent reasons. The …rst is strategic default (or ruthless default), which is caused by the …nancial incentive to default.
In this case, default provides the households with higher utility than re…nance or continuing to pay. The second type is illiquidity-triggered default, which is caused by illiquidity; i.e., the households do not have enough money to make the monthly mortgage payment. In this case, default may not necessarily provide the households with higher utility than re…nance or continuing to pay, because the latter two choices are out of the feasible choice set due to the liquidity constraint. Unfortunately, in mortgage loan performance data sets researchers can only observe people's default action, but cannot observe which reason causes the default. This is the partial observability problem for default. Most previous research estimated reduced form models which include in one equation both the measure for …nancial incentive to default and the variables related to illiquidity that could trigger default, without treating the illiquidity-triggered default outcome and the strategic default outcome separately. For example, Deng, Quigley and Order (2000) included in a single equation a measure for the …nancial incentive to default and the local unemployment rates related to illiquidity. Because the two types of default outcome are generated by two di¤erent mechanisms (one is that the households strategically choose to default over re…nance or continuing to pay, the other is that the households are forced to default due to liquidity constraint binding), if one estimates a structural dynamic model without treating them separately, the structural parameters will be biased; moreover, the model will not be able to separately predict the probability of illiquidity-triggered default and the probability of strategic default. Poirier (1980) …rstly developed the econometric methodology to estimate bivariate probit models with partial observability. Following his methodology, Bajari, Chu and Park (2010) place the measure of …nancial incentive to default and the measure of illiquidity into two di¤erent equations and modeled default as the outcome of a two-equation system taking into consideration the partial observability of default. However, their analysis was still static. Carranza and Navarro (2010) estimated a dynamic model for mortgage default without considering the di¤erence between illiquidity-triggered default and strategic default. Bajari, Chu, Nekipelov and Park (2013) estimated a dynamic model and treated the strategic default and the illiquiditytriggered default as the unobserved heterogeneity among borrowers. The di¤erence between partial observability examined in my paper and unobserved heterogeneity used in many other papers is that partial observability here is about dependent variables, while unobserved heterogeneity is about unobserved explanatory variables.
There are also two types of prepayment due to two di¤erent reasons. The …rst is re…nance, where the households prepay their current mortgage and originate a new mortgage for the same houses because the current interest rate is low. This type of prepayment is caused by the incentive to re…nance. The second type of prepayment is caused by moving, where the households sell their houses and prepay their current mortgages without re…nancing. And the moving is due to reasons other than the …nancial incentive to re…nance. Unfortunately in most mortgage loan performance data sets researchers can only observe households'prepayment decisions and do not observe whether they are caused by re…nancing or moving. Most previous research either does not distinguish these two types of prepayment, or just assumes that all of the prepayments are for re…nancing. An, Clapp and Deng (2010) merged a loan performance data including 1985 mortgages with the residential real estate transaction data in California by the street address to separately identify moving and re…nance. Performing a) the estimation pooling moving and re…nance together as one choice (prepayment) and b) the estimation distinguishing moving and re…nance as two di¤erent choices, they found that the results are di¤erent. However, for most mortgage loan performance data, especially large data sets, it is either costly or infeasible to identify moving and re…nance by merging them with the residential real estate transaction data. I am unaware of any …nancial institution practising this in their business. Bajari, Chu, Nekipelov and Park (2013) assumed that all of the prepayments were caused by re…nance when they estimated their dynamic model. 4 Incorporating partial observability of dependent variables into a dynamic structural model will not only provide a more precise prediction of default rates and prepayment rates, but also yields better counterfactual analyses for policy interventions. In this paper I conduct counterfactual analyses for several loan modi…cation policies aimed at foreclosure mitigation.
The results show that writing down the principal can e¤ectively reduce both the illiquiditytriggered default and the strategic default. Interest rate reduction can e¤ectively reduce the illiquidity-triggered default as it can reduce the monthly payment amount, but it cannot effectively reduce the strategic default as it cannot dramatically reduce the …nancial incentive to default. Term extension can e¤ectively reduce the illiquidity-triggered default, but will increase the strategic default as the households will have a longer period with low or even negative home equities.
In this paper I …rst estimate a multinomial logit model for default and prepayment.
In addition to the loan and borrower characteristic variables usually used by the previous research, I include a measure of the households'expectation on future house price appreci-ation rate constructed using the data from the Michigan Survey of Consumers. 5 The result
shows that the probability of default will be signi…cantly lower if the households expect a higher house price appreciation rate in the future, which veri…es the motivation to estimate a dynamic choice model for the forward-looking households.
There is a rich econometric literature on estimating dynamic models. 6 The most important innovation of my paper on econometric methodology is that I incorporate partial observabilities into the CCP method, and use the exclusion restriction of the variables only related to the exogenous events and those only related to the decision making of agents to ensure the identi…cation of the parameters. Another innovation of my paper is that, besides the usual method dealing with the state transitions in the dynamic model estimation literature (assuming the rational expectation of households and a structure of the state transitions, and using the realized data to estimate the structure in the …rst step), following the spirit of Manski (2004) , I use the data from the Michigan Survey of Consumers on people's subjective expectation about the future house prices for the state transitions, which does not require assuming the rational expectation of households and a structure of the state transitions to infer households'preferences.
The remaining portion of this paper is organized as follows. In Section 2, I construct 5 Bajari, Chu and Park (2011) used three measures for people's expectation on future house price appreciation rate in their static regressions. The …rst is the average of realized appreciation rates over the past 12 months. The second measure is the average of realized appreciation rates over the next 12 months, based on the perfect foresight assumption -an extreme case of rational expectation. The third one is implied by the equality that the user cost of homeownership is equal to the rent. Di¤erent from that paper, I directly use the subjective survey data to construct the measure for people's expectation on future house price appreciation rate.
6 Pakes (1986) estimated a dynamic discrete choice model for the optimal stopping problems of patent renewal. Rust (1987) developed a nested …xed point algorithm to compute the value function in Bellman's equation, and used MLE to estimate the structural parameters. Hotz and Miller (1993) developed the conditional choice probability (CCP) method which dramatically reduces the computation burden of computing the value function. Hotz and Miller (1994) developed a simulation-based CCP method which is suitable for the problems with large state space. Aguirregabiria and Mira (2002) developed a recursive CCP method. Arcidiacono and Miller (2011) incorporated unobserved heterogeneity into the CCP method. Arcidiacono, Bayer, Blevins and Ellickson (2014) extended the CCP method to estimate dynamic choice models in continuous time. Bajari, Benkard, and Levin (2006) developed the BBL method which works for both the single agent dynamic problem and dynamic game, the …nite horizon problem and in…nite horizon problem, and the discrete choice problem and continuous choice problem. More details of this literature can be found in the survey paper by Aguirregabiria and Mira (2010) . 
The Model
The processes modeled in this paper generating the mortgage performance outcomes are displayed in Figure 3 . In each period t, there is an exogenous process that determines whether the household i faces illiquidity(denoted as td). Illiquidity-triggered default will happen if and only if I z i;t ' + e 1 i;t < 0 = 1, where z i;t includes the monthly mortgage payment amount, monthly income, household size, credit score, county level unemployment rate, minority indicator, whether the household took downpayment assistance (DPA) grant.
And ' are the parameters to be estimated. The probability of illiquidity-triggered default is given by Equation (3). z i;t ' + e 1 i;t < 0 can be viewed as the household's liquidity constraint.
The liquidity constraint is more likely to bind if the monthly expenditure is high. Mortgage payments are part of the monthly expenditure. Household size is positively correlated with the monthly expenditure. The liquidity constraint is less likely to bind if the household has a higher income, higher savings level, and higher accessibility to other loans. The household that chose to take DPA grant may have a lower savings level. The credit score is a measure of the household's accessibility to other loans. The household is more likely to encounter a shortfall of income if the local unemployment rate is high.
If the illiquidity-triggered default does not happen, then the household will determine whether to move, sell the current house, and prepay the mortgage (denoted as m). The household will have to move and prepay the mortgage if I w i;t + e 2 i;t < 0 = 1, where w i;t include the di¤erence between the county employment growth rate and the national one, minority indicator, whether the household took the DPA grant, household size, and age.
And are the parameters to be estimated. I assume if both I z i;t ' + e 1 i;t < 0 = 1 and I w i;t + e 2 i;t < 0 = 1; then the illiquidity-triggered default happens rather than movesell-prepay. For simplicity, I also assume e 1 and e 2 are independent from each other. The probability of move-sell-prepay is given by Equation (4).
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Archer, Ling, and McGill (1996) categorized the mobility-driven factors related to mortgage termination into two classes: the location-decision factors and the response-to-housingdisequilibrium factors. The di¤erence between the county employment growth rate and the national one belongs to the …rst class. People may want to move for new opportunities if there are more opportunities in other places than the place in which they currently reside.
Household size also belongs to both of the two classes. First, larger households have less mobility. Second, households of di¤erent sizes have di¤erent probabilities of restructuring.
The empirical mobility literature, such as Quigle (1987) Similar to strategic default and re…nance on mortgages, moving should also be a dynamic choice by the forward looking households. However, because of data limitation, it is impossible to estimate a dynamic discrete choice model for moving together with the dynamic choice of default, re…nance or continuing to pay on mortgages. Therefore, I model moving as a static choice and assume it is independent from the choice of strategic default, re…nance, or continuing to pay on mortgages minorities have signi…cantly lower probabilities of moving.
I also include the indicator of whether the household took the DPA grant as a variable related to the moving probability. In this mortgage sample, a borrower could take a grant up to 3% of the home's purchase price to pay for the downpayment, origination fee, appraisal fee, and other closing costs. If the borrower took the DPA grant, his interest rate would be increased by 0.5%. Taking the grant is equivalent to choosing low points and high interest rates, while not taking the grant is equivalent to choosing high points and a low interest rates.
8 A borrower expecting to move in the near future would choose a mortgage with low points and a high interest rate, because if he chose high points and low interest rate he would not be able to continue to take advantage of low interest rate after moving. But a borrower expecting to stay in the house over the mortgage horizon would choose a mortgage with high points and low interest rate. Stanton and Wallace (1998) derived a separating equilibrium model, where the borrowers self-select the points and interest rates. PrfM ove i;t g = Pr z i;t ' + e 1 i;t 0 \ w i;t + e 2 i;t < 0 (4) = Pr z i;t ' + e 1 i;t 0g Prfw i;t + e 2 i;t < 0 = p m t (z i;t ; w i;t ; '; ) = expfz i;t 'g 1 + expfz i;t 'g 1 1 + expfw i;t g 8 Generally, when a borrower initiates a typical mortgage, the lender will give him a menu of combinations of points and interest rates. Paying high points at the beginning will lower the interest rate over the mortgage horizon. 9 In most mortgage loan performance data, points are not observable, and only the interest rates are observable. Some empirical papers used a two-step regression for the prepayment decision with the e¤ect of the unobserved point choice. In the …rst step, they run the regression of the di¤erence between the individual mortgage interest rate and the market-prevailing rate on the characteristics of the loan and the household, such as LTV, payment-to-income ratio, and credit score. And then they use the residual as an measure of points for the second step (the regression for the prepayment choice). A higher residual in the …rst step means a higher interest rate relative to the market, and implies that the borrower may choose low points. However, the problem of this method in the existing literature is that the …rst step estimation has endogeneity bias, which will make the second step estimation inconsistent. It is true that borrowers with high payment-to-income ratio and high LTV have higher risk of default, thus the lender will o¤er high interest rates to them. However, it could also be true that borrowers o¤ered low interest rates are more willing to borrow more, thus they have higher payment-to-income ratio and higher LTV. One advantage of the loan performance data set used in my paper is that it has the information about whether the borrowers take the DPA grant. Therefore, I do not need to use the estimated points, which have endogeneity bias.
If neither illiquidity nor moving does happen to the household in the previous two processes, the household will make a choice among continuing to pay on the mortgage (denoted as c), re…nance (denoted as r), and strategic default (denoted as sd). The probability that the household has a chance to make a choice on the mortgage is given by Equation (5).
The household's utility maximizing problem is formulated in Equation (6). 10 x i;t are the variables in the period utility functions. fs i;t g = fz i;t ; w i;t ; x i;t g, which include all of the state variables. The transition of the state variables is given by Equation (7), where the state variables in the next period s i;t+1 is functions of the state variables and actions in the current period, and random shocks in the next period. The choice-speci…c period utility functions are given by Equation (8) in detail. payment i is the monthly payment amount of the household i 's existing mortgage. payment_ref i i;t is the new monthly payment amount if the household chooses to re…nance in this period. I assume that if the household re…nances, the new interest rate will be the current market average interest rate, the new loan amount they borrow will be equal to the unpaid balance of the old mortgage, and the term of the new mortgage will be equal to the horizon remaining for the old mortgage. If re…nance or continue to pay, the household will obtain disutility from making monthly payments and obtain utility from living in its home. The utility living in its home is positively related to the home quality. I use the purchase price of the house de ‡ated by the CPI at purchase as a measure of the quality of the house. If defaults, the household will ruin its credit history and lose its home equity. A higher credit score can provide the household with more accessibility to other loans. Thus, the higher the credit score and home equity the household has, the more utility the household will obtain from keeping the mortgage alive. 11 12 I also include intercepts in the period utility functions of re…nance and that of default. The reason is that, for re…nance, there are unobserved transaction costs; 13 for default, besides ruining its credit history and losing its home, the household will incur the costs of moving to a new home and being socially stigmatized, which are also unobservable. V i;t (s i;t ) is the expectation of the ex ante value function before the choice is made. Illiquidity-triggered default, moving, and strategic default are terminating actions after which the household no longer makes choices in the model. When the household is making the choice of continuing to pay the mortgage, re…nance, or strategic default, it takes into consideration that in the next period there will still be positive probabilities of illiquidity-triggered default and move, and the household assigns values to them. Theoretically, this model is estimatable. And I provide the estimating routine in Section 3. However, because default, re…nance and move are all rare events, p td t+1 (z i;t+1 ) and p m t+1 (z i;t+1 ; w i;t+1 ) are both very small, which makes the estimation result unstable. Moreover, from the behavioral aspect, when making a decision in the current period on whether default or continue to pay, most people in normal status may not take into consideration the minute probability of illiquidity in the future nor assign a value to it. Instead, they may simply ignore it. 14 Thus, when estimating the model, I assume As shown in Table I , up to March 2011, 11.25% of these borrowers defaulted, and 10.91%
prepaid. The data includes the information of the borrower's credit score, monthly income, and the price of the house at purchase, but does not track the change of them over time.
The data also contains the mortgage characteristics such as the coupon interest rate, loan amount, monthly payment amount and initial LTV; and the demographic characteristics such as household size, location, race, and ethnicity. 17 The descriptive statistics of important 15 As de…ned by Freddie Mac, "Mortgage Revenue Bonds (MRBs) are tax-exempt bonds that state and local governments issue through housing …nance agencies (HFAs) to help fund below-market-interest-rate mortgages for …rst-time qualifying homebuyers". "Eligible borrowers are …rst-time homebuyers with low to moderate incomes below 115 percent of median family income". "Originating lenders pool the mortgages into securities guaranteed by either Ginnie Mae or Freddie Mac and sell the securities to the issuing HFAs". "As part of its corporate investment program, Freddie Mac purchases MRBs issued by HFAs".
16 Details about this data set can be found in Ergungor and Moulton (2014) and Zhang (2010) . 17 Because this is a very special sample (low-to-moderate income …rst-time homebuyers) rather than a random sample drawn from the whole population, the result from this sample can not be extended to the whole population. But the model and methodology developed in this paper are extendable to other loan performance data sets, such as the data maintained by Corelogic, containing almost the whole population of mortgages. Moreover, because the mortgages in this sample are pooled into the Mortgage Revenue Bonds Securities, purchased by Freddie Mac, and traded in the secondary market, the result of default variables are displayed in Table II .
The Macroeconomic Data
The monthly MSA level house price index data comes from the Freddie Mac Housing Price Index (FMHPI). The monthly mortgage market interest rate data comes from the Freddie Mac Primary Mortgage Market Survey (PMMS). Together with individual mortgage data, using Equation (1) and Equation (2), I can compute def aultOpt i;t and ref iOpt i;t , whose descriptive statistics are displayed in Table II. 18 I also extract the monthly county level unemployment rate and employment growth rate from the Bureau of Labor Statistics (BLS).
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and prepayment risks obtained from this sample is still helpful in pricing the Mortgage Revenue Bonds Securities. The advantage of this data is that it has information on some characteristics of the households, such as household size, which other loan performance data does not have. 18 The loan performance data does not track the course of the price for an individual house over time. I use the purchase price divided by the house price index at purchase and multiplied by the current house price index as an approximation to Homeprice i;t .
I incorporate partial observability into the CCP method to estimate a dynamic discrete choice model with partial observability of the dependent variables for household mortgage default and prepayment behaviors. Exclusion restrictions are used to guarantee the identi…cation of the parameters. In the …rst stage, the parameters in the probabilities of illiquidity and moving (the exogenous events) and the parameters in the conditional choice probabilities of strategic default, re…nance, and continuing to pay (the policy functions) are estimated. The parameters in the structure of state transitions are estimated, as well. In the second stage, the structural parameters in the dynamic model are estimated.
Denote e u k i;t (x i;t ; ) as u i;t (x i;t ; a i;t = k; ) net of current idiosyncratic shocks, and v
as the choice-speci…c value functions net of current idiosyncratic shocks, where k 2 fc; r; sdg.
Given the state variables s i;t , and conditional on the household not facing illiquidity or moving, because of the assumption that the idiosyncratic shocks follow Type I extreme value distribution, the equilibrium probabilities of continuing to pay, re…nance, and default can be written as in Equation (9 
19 Because this is a …nite horizon problem for the household, for each t, V i;t (S i;t ) should be di¤erent from each other. Instead of parameterizing it as V i;t (S i;t ) = V i (t; S i;t ), I parameterize it as V i;t (S i;t ) = V i (S i;t ), where some elements of the state variables S are functions of t. For example, def aultOpt i;t is de…ned as the unpaid loan balance minus the house price. As the mortgage is going toward maturity, the loan balance will decrease, and then def aultOpt i;t will decrease. Therefore, the value function of continuing to pay versus default (v c i;t (s i;t ) v sd i;t (s i;t )) and the vaule function of re…nance versus default (v r i;t (s i;t ) v sd i;t (s i;t )) will increase. ref iOpt i;t is de…ned as the present value of the future payment ‡ow discounted by the current market interest rate minus that discounted by the existing mortgage interest rate. As the mortgage is going toward maturity, the magnitude of ref iOpt i;t will decrease, i.e., the households can obtain less bene…t or incur less loss from re…nancing because fewer payments are left. Therefore, the vaule function of re…nance versus default (v r i;t (s i;t ) v sd i;t (s i;t )) will decrease.
The First Stage Estimation

Estimating the Policy Functions
First, the probability of observing a default is equal to the sum of the probability of illiquiditytriggered default and the probability of strategic default. Second, the probability of observing a prepay is equal to the sum of the probability of moving and that of re…nance. Third, the probability of observing a continuing to pay is equal to the probability of neither illiquidity nor move happening, times the probability of choosing to continue to pay conditional on neither illiquidity nor move happening. The probabilities of these three observable events can be written as in Equation (12). 
Ifdef ault i;t g log(Prfdef ault i;t g) + Ifprepay i;t g log(Prfprepay i;t g)
The log likelihood function of the …rst stage estimation is shown in Equation (13 
The Second Stage Estimation
Given s i;t and the household i chooses action a i;t = k 2 fc; rg at period t, I simulate s
for J times. The simulations are based on the result of the estimation of the state transition models in Equation (14). For each simulation, with the parameters estimated in the …rst stage, I recover the ex ante value functions of period t + 1 after the household chooses to re…nance or continue to pay in period t by Equation (15). Then I average all of the simulations to obtain the expected ex ante value of period t + 1 multiplied by the probability of neither illiquidity nor move happening at period t + 1 conditional on the state and action in period t, as in Equation (16).
Ideally, I could parameterize the value associated with illiquidity-triggered default in period t + 1 as V td t+1 (s i;t+1 ; ), and parameterize the value associated with move in period
(s i;t+1 ; ). Then I average all of the simulations to obtain the expected value of illiquidity-triggered default in period t+1 multiplied by the probability of illiquidity-triggered default in period t+1 conditional on the state and action in period t, as in Equation (17), and obtain the the expected value of move in period t+1 multiplied by the probability of move in period t+1 conditional on the state and action in period t, as in Equation (18). Then I obtain the choice-speci…c value functions in period t, as in Equation (19). Next, the probabilities of observable outcomes (default, prepayment, and continuing to pay) for the second stage estimation are formulated as in Equation (20), where e ' and e are the parameters estimated in the …rst stage, and and are the parameters to be estimated in the second stage.
However, the estimation results are unstable. One possible reason is that p i;t+1 ; e '; e ) are very close to zero because default, prepayment, and move are all rare events. As discussed in Section 2, I set c 
Ifdef ault i;t g log( f Prfdef ault i;t g) + Ifprepay i;t g log( f Prfprepay i;t g)
Identi…cation
Using the data in which only default and prepayment are observable, I estimate a structual model treating illiquidity-triggered default and strategic default as separate outcomes, as well as treating move and re…nance as separate outcomes. Therefore, I use exclusion restrictions to ensure the identi…cation of the parameters in the probabilities of illiquidity-triggered default, strategic default, move, and re…nance in the …rst-stage estimation. One exclusion restriction requires that there exists at least one variable with su¢ cient variation, x Intuitively, when def aultOpt i;t is very low (i.e., the current home value is much higher than the unpaid balance), if the household defaults, it should be illiquidity-triggered default, rather than strategic default. Thus, the households with highly negative def aultOpt i;t can help identify the parameters in the probability of illiquidity-triggered default. Moreover, when both the current individual house value and the current house price index growth rate are very high, Homeprice i;t log hp t will be high. Consequently, the household's expectation on Homeprice i;t log hp t+1 will be very high, because people's expectations on log hp t+1 follows AR(1) by the assumption and the serial correlation coe¢ cients are above 0.79 for all the MSAs. If the household with a very high expectation of home value appreciation defaults, it should be illiquidity-triggered default, rather than strategic default.
Thus, the households with a very high expectation of home value appreciation can also help identify the parameters in the probability of illiquidity-triggered default. Thereafter, the parameters in the probability of strategic default can be identi…ed. When ref iOpt i;t is very low (the unpaid balance is very high and the current market interest rate is much higher than the coupon rate of the existing mortgage), if the household prepays their mortgage, it should be caused moving rather than re…nance. Thus, the households with highly negative ref iOpt i;t could help identify the parameters in the probability of moving. Thereafter, the parameters in the probability of re…nance could be identi…ed. 
Expectations on Future House Prices
As pointed out by Manski (2004) , with data on observed choices, researchers cannot infer both people's preferences and expectations at the same time. If researchers need to infer people's preferences, they have to either make assumptions on people's expectations or obtain additional data on them. Because data on people's expectations are usually unavailable, the …rst routine is generally used in the literature estimating dynamic choice models. In contrast, Erdem, Keane, Oncu and Strebel (2005) estimated a dynamic choice model for personal computer (PC) purchasing behavior using a survey data on consumers' expectations on future PC prices.
The econometric methodology discussed previously in Section 4 follows the …rst routine. I assume that people forecast the future house prices and interest rates following the stochastic processes estimated using the realized house prices and interest rates (i.e., rational expectation). However, people's expectations for the future may not follow the rational expectation assumption. First, the process of their expectations on prices may not follow the process of actual price movement. Second, their perception of current prices may deviate from the actual current prices. Morris and Quintin (2013) found that the change of self-assessed house prices is signi…cantly di¤erent from that of house price indices calculated based on the actual house transactions, and the former plays a more important role in mortgage defaults than the latter. 
. But this method still requires assuming a structure on the state transition process and would not work well if the structure is misspeci…ed. 21 Instead of estimating Equation (14) and then performing one-period forward simulations based on the estimates to obtain the distribution of people's house price expectations for the next period, I directly use the empirical distribution of the house price forecasts in each month by the Ohio respondents in the Michigan Survey of Consumers as the distribution of people's house price forecasts for the next period, which does not require assuming any structure for the state transition process. Accordingly, for house prices, Equation (16) is the value function averaged over the distribution of the forecasts by the Ohio respondents in the Michigan Survey of Consumers in each month, rather than the distribution of forward simulations based on the estimation result of Equation (14). 21 In the literature estimating dynamic choice models, the researchers usually assume AR(1) for the structure of state transitions for simplicity. However, in the housing economics literature, many researchers, such as Abraham & Hendershott (1996) , Gallin (2006) , Gallin (2008) , and Malpezzi (1999) , use error correction models to model the house price dynamics. It is di¢ cult to implement error correction models as state transitions in the estimation of dynamic choice models, and I am unaware of any paper performing that. Table III shows the results of multinomial logit regressions with three possible outcomes for the dependent variable: default, prepayment, and continuing to pay. Model (I) represents the regression without the measure of households'future house price expectations. Model (II) includes the interaction term between Homeprice i;t and the average of the Ohio respondents' expectations on the house price growth rate for the next year in the Michigan Survey of Consumers. Model (III) includes the interaction term between Homeprice i;t and the average of the Ohio respondents'expectations on the average house price growth rate over the next …ve years. Model (IV) includes both measures. 22 As shown in Model (III), the coe¢ cient of the 5-year house price growth rate expectation for default is signi…cantly negative, and is larger than that for prepayment in magnitude, which indicates that the unconditional probability of default will be lower if people expect larger house price increases in the long run.
The Empirical Results
The Preliminary Regressions
As shown in Model (II), the coe¢ cient of the 1-year house price growth rate expectation for default is signi…cantly negative, even though smaller than that for prepayment in magnitude, which indicates that at least the probability of default conditional on not prepaying will be lower if people expect large house price increases in the short run. When I include both measures of house price expectations in Model (IV), only the 5-year expectation is signi…cant, which indicates that the long-run house price expectation plays a more important role in mortgage defaults than the short-run house price expectation.
These results provide evidence that households are forward looking when they make decisions about defaulting on their mortgages, which veri…es the motivation to estimate a dynamic choice model. The results of the other independent variables also make sense.
The probability of default increases as monthly payment, household size (which is positively 22 Because the mortgage loan performance data used in this paper start in 2005, while the subjective house price expectation data in Michigan Survey of Consumers start in 2007, in the regression of Models (II), (III), and (IV), I delete the observations before 2007 in the mortgage loan performance data. correlated with household expenditure), local unemployment rate, and default option (put option) value increase, and as income and credit score decrease. The households choosing to take DPA grant are more likely to default because they may have lower savings levels.
The probability of prepayment increases as re…nance option (call option) value increases.
Moreover, the coe¢ cient of default option (put option) value for prepayment is signi…cantly negative. This is consistent with the fact that households will be more likely to be eligible for re…nance as they have more home equities. The probability of prepayment increases as income and credit score increase, because households with higher income and credit score are more likely to get o¤ers with lower interest rates for re…nance. Besides re…nance, move can lead to prepayment. The coe¢ cients of household size and age for prepayment are signi…cantly negative, because larger households and older ones have less mobility. People living in counties with local employment growth rates higher than the national average are less likely to move. The coe¢ cient of minority indicator for prepayment is also negative.
It could be either because minorities have less mobility, or because they are less aware of re…nance opportunities.
The First Stage Estimation
Table IV displays the results for the …rst stage estimation. Larger monthly payment amount, household size, and unemployment rate in the county will make the households signi…cantly more likely to default; and higher income and credit score (a measure of accessibility to other loans) will make the households signi…cantly less likely to defualt. Larger household size, older age, and larger di¤erence between the local employment growth rate and the national average will make the households signi…cantly less likely to move. Minorities have higher probability of illiquidity and lower mobility, but the coe¢ cients are not statistically signi…cant. The reason could be that the sample is special (…rst-time homebuyers with lowto-moderate income), rather than randomly drawn from the whole population. According to the theory in Stanton and Wallace (1998) , the households who select the DPA grant should have higher probability of move. But the coe¢ cient is not signi…cant.
23
For the conditional choice probabilities for strategic default and re…nance, I employ a ‡exible multinomial logit form in the estimation, involving interaction terms and splines. 24 In Table IV , I report only the coe¢ cients for some interpretable variables. For strategic default, the coe¢ cient of def aultOpt i;t is signi…cantly positive; and the marginal e¤ect of def aultOpt i;t is larger in the negative domain than in the positive domain. For re…nance, the coe¢ cient of ref iOpt i;t is signi…cantly positive; and the marginal e¤ect of ref iOpt i;t is larger in the negative domain than in the positive domain. Besides, the coe¢ cient of def aultOpt i;t for re…nance is signi…cantly negative, which indicates that households will be more likely to be eligible for re…nance as they have more home equities. 25 The coe¢ cient of credit score for strategic default is signi…cantly negative, as people with higher credit score have more to lose if choose to default. The coe¢ cient of credit score for re…nance is signi…cantly positive, 23 Using AHS data, Ferreira, Gyourko and Tracy (2010) found that negative home equities have a lock-in e¤ect on the households'mobility. In another speci…cation, I include maxf0; def aultOpt i;t g in the probability of moving, but the coe¢ cient is positive, rather than negative. One possible reason is that the sample (Ohio low-to-moderate income …rst-time homebuyers) used in my paper is special.
24 Some papers applying CCP used nonparametric methods to estimate the conditional choice probabilities in the …rst stage. Based on whether they provided a good …t to the sample, the researchers chose the speci…cations of the nonparametric methods to construct the value functions for the future used in the second stage estimation. Other papers used ‡exible parametric forms to estimate the conditional choice probabilities in the …rst stage. Theoretically, nonparametric methods could provide less biased estimates for the value functions for the future. In practice, however, if the number of state variables is large, then the curse of of dimensionality will generate very poor estimates. Moreover, the results of nonparametric models in the …rst stage estimation are not interpretable. In this paper, I use the second method. The …rst reason is that the number of state variables is large. The second reason is related to the model speci…cation selection. Whether the default is illiquidity-triggered default or strategic default is not observable, and whether the prepayment is caused by move or re…nance is also not observable; therefore, if I use the …rst method, I cannot check whether the outcomes predicted by the model have a good …t to the outcomes in the sample at the level of illiquidity-triggered default, strategic default, move, re…nance, and continuing to pay. Instead, I use ‡exible parametric forms to estimate the conditional choice probabilities in the …rst stage and interpret the parameters; and then I decide whether a speci…cation works well based on whether the results for the parameters are consistent with the relevant theories and common sense. The second reason is related to identi…cation. As discussed in Section 3.3, I use exclusion restriction and in…nity argument to ensure identi…cation. With a parametric function form for the probability of strategic default, after I obtain the estimates in the …rst stage, I can check whether the probability of strategic default goes to zero when a certain variable goes to in…nity. However, it cannot be checked based on the results obtained in the …rst stage estimation if nonparametric methods are used, . 25 In the CCP method, the structure of the state transitions is embedded in the …rst-step policy function estimates. Because I assume that the state transitions of house price appreciation rate are di¤erent across MSAs, the …rst-step policy functions should also be di¤erent across MSAs. However, when I allow that the coe¢ cients of def aultOpt i;t and ref iOpt i;t are di¤erent across MSAs in the estimation, the result turns out that those coe¢ cients are similar across MSAs.
as people with higher credit score are more likely to get a lower interest o¤er for re…nance.
Other state variables in the conditional choice probabilities include interest rate innovation, the MSA house price index change, purchase price, current home value calculated based on the MSA house price index, the derivative of ref iOpt i;t with respect to interest rate innovation, and some interaction terms of them.
Predicted by the …rst stage estimates, up to March 2011, the illiquidity-triggered default rate is 8.37%, while the strategic default rate is 2.88%. This result is reasonable because all of the households in the this sample are low-to-moderate income …rst-time home buyers, who are more likely to encounter illiquidity than the general population. The sum of the two rates is 11.25%, which is equal to the actual default rate. Also predicted by the …rst stage estimates, up to March 2011, the moving rate is 1.05%, while the re…nance rate is 9.86%. This result is also reasonable because low-to-moderate income households have less mobility.
The sum of the two rates is 10.91%, which is equal to the actual prepayment rate.
The results of state transitions are reported in Table V . Compared to the change of interest rate, the change of the house price index is more closely related to its one-period lag. The coe¢ cients for the house price transition process do not vary much across di¤erent MSAs.
The Second Stage Estimation
In the second stage estimation, I set the monthly discount factor = 0:995.
26 Table VI reports the structural parameters in the second stage estimation using the forward simulation based on the state transitions estimated in Table V . The coe¢ cients are sensible. The coe¢ cient of monthly payment amount is signi…cantly negative, and the coe¢ cient of home quality is signi…cantly positive. If re…nance or continue to pay, the household will obtain disutility from making monthly payments and obtain utility from living in its home. The higher quality the house has, the more servicing utility ‡ow the household can obtain from living in the house. If default, the household will ruin its credit history. If not, it should obtain utility from maintaining a high credit score, especially in the period when there is a need to borrow money from banks because borrowers with high credit scores can be o¤ered interest rates lower than the market averages. The coe¢ cient of credit score for continuing to pay is not signi…cant; but that for re…nance is signi…cantly positive. 27 The standard errors in the second stage estimation are adjusted, following the correction methods developed by Murphy and Topel (1985) . Table VII reports the structural parameters in the second stage estimation using the state transitions based on people's subjective expectations on house prices extracted from the Michigan Survey of Consumers. The results are similar to those shown in Table VI .
Counterfactual Analyses
I conduct two sets of counterfactual analyses. The …rst set involves mortgage loan modi…ca-tion policies aimed at foreclosure mitigation. The second set considers the Federal Reserve
Comprehensive Capital Analysis and Review (CCAR) scenarios. I use the …rst-stage policy function estimates to project the illiquidity-triggered default rate, strategic default rate, re…nance rate, and moving rate in those counterfactual scenarios.
28 27 In the literature estimating dynamic models with an intercept capturing the unobserved switching cost or transaction cost, the researchers usually convert the intercept into a dollar value by dividing it by the coe¢ cient of price. If I divide the intercept for re…nance by the coe¢ cient of payment amount, the dollar value of re…nance transection cost is (8.1326/20.4213)*1000=$398, which is very low. In practice, the upfront cost for re…nance is usually above $1000. Even though some lenders o¤er zero-upfront-cost re…nance, the interest rates will be higher. One possible reason for this low transaction cost estimates is that when calculating the monthly payment after re…nance, I assume the term of the new loan is equal to the remaining term of the old loan. In practice, most people re…nance into a mortgage with a standard term such as 30 or 15 years. It is possible that in this low-to-moderate income …rst-home buyer sample, more people would choose to re…nance into a 30-year mortgage. Thus, the actual monthly payment after re…nance is lower than my calculation, which could draw down the estimate of the intercept for re…nance. The term of the mortgage people re…nance into is not observable. And providing a precise estimate for re…nance transaction costs is not the focus of this paper.
Loan Modi…cation Policies
After the 2007-2009 …nancial crisis occured, several loan modi…cation programs aimed at foreclosure mitigation have been designed, such as the Home A¤ordable Modi…cation Program (HAMP). Borrowers struggling to make mortgage payments due to …nancial hardships can apply for those programs if they meet certain eligibility criteria. Their monthly payment amount could be reduced through interest rate reduction, term extension, principal forbearance, or/and principal forgiveness. In addition to reducing the expected loss in foreclosure, banks can also bene…t from obtaining compensation from the government for modifying a mortgage. The banks participating the HAMP use a net present value (NPV) model as a tool for deciding whether to modify a troubled mortgage. Firstly, the model calculates the probability of default for the troubled mortgage without modi…cation and the probability of default with modi…cation. Secondly, under certain assumptions, it calculates the expected cash ‡ow the bank could obtain from this mortgage in the future in the following four scenarios: 1) modi…ed and default; 2) modi…ed and cure; 3) unmodi…ed and default; and 4) unmodi…ed and cure. Then it calculates the present value if modi…ed and the present value if unmodi…ed to see whether approving modi…cation for the mortgage gives the bank a positive net present value. 29 While the model has a complex procedure to calculate the cash ‡ow, its methodology for calculating the probability of default is just a simple and intuitive logit model.
The methodology developed in this paper can provide a better estimate of the mortgage default probability for mortgage modi…cation programs. Moreover, it can help the government improve the design of mortgage modi…cation policies on several aspects, such as how to modify a mortgage so as to e¤ectively reduce the default probability, and how much compensation should be given to banks for mortgage modi…cation.
Previous empirical studies on loan modi…cation programs, such as Quercia and Ding 29 Software of NPV models are developed by Fannie Mae for HAMP-participating banks to use.
The detail of the HAMP NPV model can be found in HAMP on-line documentation. https://www.hmpadmin.com/portal/programs/hamp.jsp (2009) and Haughwout, Okah, and Tracy (2009) , found that in terms of the e¤ect on reducing the overall default rate, writing down the principal is more signi…cant than interest reduction, which is more signi…cant than term extension. They also provided a conceptual discussion that writing down the principal can increase households' ability to pay through payment reduction and raise their incentive to pay through the increase of home equity, while interest reduction and term extension do not have the latter channel.
One contribution of my paper is that the model incorporating partial observability can provide numerical predictions for the change of the illiquidity-triggered default rate and that of the strategic default rate caused by each type of loan modi…cations. As shown in Table VIII , writing down the principal , interest reduction, and term extension can all e¤ectively reduce the illiquidity-triggered default rate (from 8.37% to 7.58%, 7.54%, and 7.69% respectively). Writing down principal can also e¤ectively reduce the strategic default rate from 2.88% to 1.38%. 30 Interest reduction has almost no e¤ect on the strategic default rate. Term extension even increases the strategic default rate from 2.88% to 3.21%. As the mortgage term is extended from 30 to 40 years, the speed at which the homeowners are building up their home equities is slowed down; therefore, they will have a longer period with low or even negative home equities, which can drive up the strategic default rate.
Federal Reserve CCAR Scenarios
Starting in 2011, each year the Federal Reserve provided projections of 28 macroeconomic variables over the next 13 quarters under each of the following three scenarios: baseline, adverse, and severely adverse. Banks are required to build models to forecast the probabilities of default (PD) for the loans they hold and the loss given default (LGD) in these scenarios to determine whether they have adequate capital to withstand a highly stressful economic 30 In these counterfactual experiments, the loan modi…cation is applied to every household in the sample from the beginning. In practice, the loan modi…cation is only applied to the households who currently have …nancial hardship, apply for the loan modi…cation program, and get approved by the bank. Therefore, the loan modi…cation program could be more e¤ective in reducing the default rate within this particular mortgage pool which actually get modi…ed. 32 33 34 Figure 5 shows the predicted cumulative illiquidity-triggered default rate, strategic default rate, total default rate, re…nance rate, moving rate, and total prepayment rate. Figure 6 shows the movements of house prices, mortgage interest rates, and unemployment rates in di¤erent scenarios. For the total default rate, severely adverse scenario is higher than adverse scenario, which is higher than actual history. 2006 and 2007. 33 In the literature, the counterfactual scenario is usually constructed as only one macroeconomic variable, such as the house price, deviates from the actual value. Then how the variable of interest would respond due to the pure e¤ect of this one-variable deviation is analyzed. However, macroeconomic variables are highly correlated to each other. For example, the drop of the house price is usually accompanied by the increase of unemployment. It is not reasonable to assume that one macroeconomic variable changes while others hold the same. Therefore, I use Federal Reserve CCAR scenarios, which provides projection of 28 macroeconomic variables representing the entire macroeconomic environment, to perform the counterfactual analysis. Moreover, this counterfactual analysis is of practical use for the banking industry. 34 In the CCP method, the structure of the state transitions is embedded in the …rst-step policy function estimates. If the structure of the state transitions in the counterfactual scenarios is di¤erent from that in the actual history, it will be problematic to apply the …rst-step policy functions estimated using the actual historical data to the counterfactual scenarios. In the adverse and severely adverse CCAR scenarios, the structure of state transitions of the actual data (not people's expectations) may be di¤erent from that of the realized data in the history. However, the structure of people's subjective expectation may be stable across the realized history and those scenarios. I checked Michigan Survey of Consumers and found that the pattern of households' expectations for house price appreciation rates after the …nancial crisis is not very di¤erent from that before the …nancial crisis. the illiquidity-triggered default rate and strategic default rate, severely adverse scenario is higher than adverse scenario. 35 The reason why the re…nance rate is higher in the severely adverse scenario than in the adverse scenario is that the interest rate is lower in the severely adverse scenario than in the adverse scenario. 
Conclusion
When households decide whether to default or re…nance on their mortgages, their expectations of future house prices and interest rates matter. This motivates estimating a dynamic discrete choice model. In loan performance data, researchers can only observe default, but cannot identify whether it is illiquidity-triggered or strategic. Moreover, usually researchers can only observe prepayment, but cannot identify whether it is due to re…nancing or moving.
These facts motivate estimating a dynamic discrete choice model with partial observability.
The paper makes several contributions to both empirical studies and econometric method- 35 Note that in actual historical data the illiquidity-triggered default rate and strategic default rate are not observable due to the partial observability issue, as well as the re…nance rate and moving rate. 36 The predicted moving rates are the same across adverse and severely adverse scenarios because I assume that in those scenarios the di¤erence between the local county employment growth rate and the national average is the same as the actual history. However, using data sets spanning the entire postwar era, Saks and Wozniak (2011) found that internal migration within U.S. is procyclical. After controlling the relative economic conditions in the origin and destination states or MSAs, the migration rate is signi…cantly higher during booms of the national economy, which suggests that the net bene…t of moving rises during booms.
ologies. First, I construct a measure of people's expectations on future house price appreciation rates using the subjective data from the Michigan Survey of Consumers and include it in a logit regression. The result shows that the probability of default will be lower if the households expect increases in house prices. This provides evidence that households are forward looking when making decisions of default on their mortgages, and veri…es the motivation to estimate a dynamic choice model. Second, I incorporate partial observability into the conditional choice probability (CCP) method to estimate a dynamic discrete choice model with partially observable outcomes. Exclusion restrictions are used to guarantee the identi…cation of the parameters: some variables with su¢ cient variation are only related to the incentive to pay but not the ability to pay; and some variables with su¢ cient variation are only related to the incentive to re…nance but not the decision to move. Third, as an alternative to the usual methods that assume consumer rational expectation and estimate a structure of the state transitions using the realized data, following the spirit of Manski (2004) , I directly use the subjective expectation data in each month on the future house prices from the Michigan Survey of Consumers to construct the distribution of people's future house price expectations for the state transitions in the estimation of dynamic choice model, which does not require assuming rational expectation for the household and any structure for the state transition process of house prices.
The model yields separate predictions of the probabilities of illiquidity-triggered default, strategic default, re…nancing, and moving. The counterfactual analyses for foreclosuremitigating mortgage modi…cation policies show that writing down the principal can e¤ec-tively reduce both the illiquidity-triggered default and the strategic default because it can reduce both the probability of illiquidity and the …nancial incentive to default. Interest rate reduction can e¤ectively reduce the illiquidity-triggered default, but cannot e¤ectively reduce the strategic default. Term extension can e¤ectively reduce the illiquidity-triggered default, but will increase the strategic default as households are going to have a longer period with low or even negative home equities. 
